The sufficiency in von Neumann algebras is discussed with some applications to classification of normal states. It is shown that the concept of sufficiency characterizes the KMS-states and the invariant states with respect to a modular automorphism group. The relations between the sufficiency and the relative entropy are established.
Introduction* Since the investigation of sufficient statistics in abstract measure theoretic terms was initiated by Halmos and Savage [10] , the concept of sufficiency has been developed by many mathematical statisticians in terms of various relations given by comparison of experiments, risk functions within the framework of statistical decision problems and so on. A characterization of sufficiency was given in [12] through the measure of Kullback-Leibler information.
The concept of sufficiency was first generalized by Umegaki [22, 23] to the noncommutative case of semi-finite von Neumann algebras with some extension of the Kullback-Leibler information (usually called the relative entropy). Later the related discussions especially concerning the relative entropy for quantum systems have been made by several authors, e.g., Araki [2, 3] , Gudder and Marchand [7] , and Lindblad [13] .
As defined precisely and explained in § § 1 and 4 of this paper, the concept of sufficiency is more or less considered through the informativity of a certain subalgebra with respect to a given algebra for a dynamical system of interest. Namely, in the case that such a subalgebra is sufficient, the relative entropy on the subalgebra is equal to that on the given algebra. This fact may or may not be a reason why the concept of sufficiency has not been entered into analysis of physical systems, in which the change of entropy is thought of more relevant.
The Kubo-Martin-Schwinger (KMS) condition was introduced by these three authors [11, 14] as a boundary condition of the thermal Green function. Haag, Hugenholtz and Winnink [8] showed that in the operator algebraic framework this condition is a fundamental one describing thermal equilibrium of quantum systems. The KMS condition through the Tomita-Takesaki theory now becomes a core of studying von Neumann algebras.
Under the above historical basis, our main motivation of this 100 FUMIO HIAI, MASANORI OHYA AND MAKOTO TSUKADA work is as follows: How useful for quantum systems is the concept of sufficiency? How much of the related topics of sufficiency, mostly done for the commutative case, can be generalized to the noncommutative case? Having these questions in our mind, we discuss the sufficiency with some applications to classification of normal states on the basis of recent development of von Neumann algebras.
In § 1 of this paper, we establish definitions and notations used throughout and also give some simple facts.
In § 2, it is shown that the concept of sufficiency characterizes the invariant states and the KMS-states with respect to a modular automorphism group.
In § 3, we prove some formulas on the relative entropy using Araki's definition of relative entropy.
In § 4, combining several theorems obtained in the previous sections, we establish some results which indicate the relations between the sufficiency and the relative entropy.
As a whole, we like to claim that the concept of sufficiency might be very useful for analysing von Neumann algebras and hence some quantum systems. 1* Definition and preliminaries* Throughout this paper, let 3i be a von Neumann algebra with unity I acting on a Hubert space Jg^, and © be the set of all normal states of 31. A dynamical system of physically interest is described by a triple (31, ©, α), where a t , teR, is a strongly continuous one-parameter automorphism group of 31. A state φ e® is said to satisfy the Kubo-Martin-Schwίnger (KMS) boundary condition at a certain constant β > 0 with respect to a t if for every pair A, B e 31 there exists a bounded function F AtB (z) continuous on and holomorphic in the strip O^Im z<^β with boundary values:
If φ satisfies the KMS condition with respect to a t , then φ is proved to be α: r invariant, i.e., <p<>a t = φ. Considering a βt , we may take β = 1 in the sequel discussions. Takesaki showed in [17] using Tomita's theory that to every faithful state φe® there exists a unique one-parameter automorphism group (i.e., the so-called modular automorphism group) σ\ with respect to which φ satisfies the KMS condition at β = 1.
In this paper, a subalgebra Wl always means a von Neumann subalgebra of 31 with /. For a subalgebra SDΐ and a state φ e ©, let E φ ('\W) denote the conditional expectation with respect to 93ΐ and φ (if it exists), which is characterized as a norm one normal projec-tion from 5ft onto 2ft satisfying φ(A) = φ(E φ (A\W)) for all Ae3l (cf. [19, 21] ). It was shown by Takesaki [18] that for a faithful state φe® the conditional expectation E φ {-\W) exists if and only if 2ft is invariant under the modular automorphism group &ζ.
According to [5] , for any two faithful states φ, ψ e© there exists a strongly continuous function t^-> u t of R into the unitary group of 31 which is a <p-cocycle, i.e.,
, s,teR , and which satisfies <τf(A) -tt t σf(A)w? , t e R , A e 5ft .
This <p-cocycle u t is denoted by w f = (Dψ: Dφ) t and is called the Connes Rαdon-Nikodym derivative of ψ with respect to φ. Some discussions are found in [4, 9] concerning Connes Radon-Nikodym derivatives and conditional expectations. Let S be a subset of @. A subalgebra 2ft is said to be sufficient for S if 2^( | 3K) exists for each φeS and for every Ae3l. there exists an A o e2ft such that
where A = £ a.e.
[<p] means 9?(| A -B|) = 0. This definition of sufficient subalgebras is somewhat weaker than that in [22] . Also we call M to be minimal sufficient for S if 3K is sufficient for £ and any subalgebra being sufficient for S includes 2ft. For 9?, fe@, it is said that ^ is absolutely continuous with respect to φ (we write ψ <t φ) if for each A 6 5R, <p(A*A) = 0 implies ψ(A*A) = 0; that is, ty <φ if and only if s(ψθ <£ «(9>) where s(φ) is the support projection of φ. We give here the elementary facts of sufficiency which are readily seen from the definition.
(1°) Let φ, f e(8 with φ<£<p. Then a subalgebra 2ft is sufficient for {<p, ψ} if and only if E φ ( \Wl) exists and φ(A) = <f(E φ (A\W)) for all AeSΪ.
(2°) If a subalgebra 2ft is sufficient for {<p f ψ} 9 then φ -ψ on 5JI if and only if φ = 'f on 2ft.
When S(c@) contains a faithful state 9>, then: (3°) A subalgebra 2ft is sufficient for S if and only if 2ft is sufficient for every pair {φ, ψ} with ψ e S.
(4°) If 2ft is sufficient for S, then any subalgebra 2ft x including 2ft is sufficient for S whenever E φ ( \Έl^ exists. 
Hence we have φ' = φ, so that φ(A) = ^(^(AiaK)) for every This shows that 2K is sufficient for {φ, ψ}.
• In this section, let φ be a fixed faithful normal state of 3Ϊ and of its modular automorphism group. Let Z ψ be the subalgebra consisting of all A 6 9?. such that φ{AB) = φiβA) for every B e 9?.. The subalgebra Z φ is called the centralizer of <p and is exactly the fixed point algebra of σ\ (cf. [17, Lemma 15.8] (2) The centralizer Z φ is minimal sufficient for I{φ).
Proof.
(1) Let ψ 6 © and take ψ x = (ψ + £>)/2. Then we easily see that ψel(φ) is equivalent to ψ 1 el(φ) f and the sufficiency of Z φ for {φ, α/r} is equivalent to that for {φ, ψ^}. Therefore we can assume that ψ is faithful. Since Z φ is element wise invariant under σf, there exists the conditional expectation E φ (-\Z φ 
Hence it follows that <£> is σf-invariant, and thus ψ is σf-invariant (cf. [17, Theorem 15.2 
]). (2) It follows from (1) that Z φ is sufficient for every pair {φ, ψ} with ψel(φ).
Hence Z φ is sufficient for I(φ). To show the minimality of Z ψf let 3ft be any subalgebra which is sufficient for I(φ). We now prove that Z φ cz$Jl. Take any positive invertible operator heZ φ with φ(h) = 1, and define a faithful state ψ e % by <^(A) = φ(ΛA) for A 6 91. Then we have ψ» 6 !(?>) and (J9α/r: JDφ), = h u . (2) The center 3 is minimal sufficient for K{φ).
Proof. As in the proof of Theorem 2.2, we can assume that ψ is faithful. If ψeK(φ), then by [15, Theorem 5.4] there exists a positive self-adjoint operator h affiliated with ,3 such that ψ(A) = <p(hA) for Ae% so that (Dψ: Dφ) t = h u eg> for every teR.
Conversely if (Dψ: D<p) t e& for every teR, then by (2.1) we have of = σt and hence ψeK(φ).
Thus (1) is proved. The proof of (2) is analogous to that of Theorem 2.2.
• 3* Relative entropy* When ϋft is finite dimensional, for each φ and ψ in ® the relative entropy S(φ\ψ) is defined by S(φ I ψ) = tr(/tty log ^ -p Ψ log ^) , where ρ φ and ^ are density matrices for φ and ψ. Araki [2, 3] extended the relative entropy to the case for normal positive linear functionals of general von Neumann algebras, and studied its several properties such as joint convexity, lower semiconitinuity and monotonicity.
In this section, we assume as in [3] that 3ΐ has a cyclic and separating vector. Let V be a natural positive cone (cf. [1] ) for 9Ϊ and let φ and ψ be states in ©. By [1, Theorem 6] for every subalgebra Wl (also see [2, 3, 13, 23] 
Let Wl be the subalgebra generated by e and J -β. By using the monotonicity, we have
It was shown in [6] that
for 0 ^ α, /3 ^ 1. Taking a = <p(e) and /3 = α/Ke), we deduce the desired inequality.
• THEOREM 3.2. Let φ, ψ e © 6e faithful and Έi be a subalgebra such that maZ φ .
Define α/r'e© 62/ α/r' (A) = φ(E 9 (A13K)) /or ie3ϊ, •i f Sw(<P \ψ) < +°°, then
S(ψ'\ψ) = S(φ\ψ) -S m (φ\ψ) .
Proof. First note that ψ' is well defined from fΰlaZφ. Since ψ \ 3K is a faithful normal trace, there exists a positive self-adjoint operator fe affiliated with Wl such that ψ(A) = φ(hA) for all A e 3K.
S oo Γ»
λde(λ) and /&" = I λde(λ).
Jo
Since h n eSK, we have for every Ae%l
Hence it follows (cf. lim Since ψί = (1 + ε)" 1^' + ε<^), we obtain the desired inequality by letting ε-> +0 in (3.3).
• Before closing this section, we have to note that Professor Araki gave us very important comments to some results of our first version of this paper, which make us enable to write them in the above form.
A* Sufficiency and relative entropy• In this section, let a faithful state ψ 6 © be fixed as in § 2. The monotonicity (3.1) says that the restriction of measurement to a subalgebra 9ft usually makes it more difficult to discriminate between two states. From Theorem 4.1, the physical meaning of suf-ficiency might be explained as follows: If a subalgebra Έl is sufficient for {φ, ψ}, then we obtain from the measurement of Wl as much information as from that of ϋft to discriminate between φ and ψ. In particular, to distinguish ψ e I(φ) (resp. ψ e K(φ)) from φ, the measurement of Z φ (resp. 3) gives as much information as 9ί.
